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Noether lattices were introduced by Dilworth [5]. Simply stated, a Noether 
lattice is a complete, modular, commutative multiplicative lattice satisfying 
the ascending chain condition in which every element is the join of principal 
elements. The resultant setting not only admits natural formulations of the 
fundamental definitions and results of classical ideal theory, but is simultaneously 
rich enough to yield, for example, the Noether decomposition theorems, the 
Intersection Theorem, and the Principal Ideal Theorem [Sj. 
The key to the richness of the setting lies, of course, in the definition of a 
principal element. An element E is said to be principal if it satisfies the two 
identities BE A A = (B A (A : E))E and (B v AE) : E = (B : E) v A, for all 
A and B. These identities are easily verified for the principal ideals of a com- 
mutative ring. 
In [4], Bogart obtained the surprising result that a regular local Noether 
lattice with exactly n < 3 rank 1 primes is isomorphic to RL, , the Noether 
sublattice of k[x, ,..., x,] (k a field) consisting of all ideals which are generated 
by monomials in x1 , xs ,..., x, . He conjectured the validity of the result for all n, 
but noted that, due to the heavy dependence of the case n = 3 on the observation 
that in a regular local Noether lattice of dimension 2, all rank 1 primes are 
principal, the general case might be closely tied to a generalization of the 
Auslander-Buchsbaum theorem that regular local rings are UFDs. 
In [2], Anderson conjectured that any local Noether lattice with exactly n 
rank 1 primes which is a n-domain (i.e., every principal element is a product 
of primes, or, equivalently in this case, every rank 1 prime is principal) is 
isomorphic to RL, , and therefore regular. 
In this paper we establish the validity of both conjectures. While our results 
do not yield a generalization of the Auslander-Buchsbaum theorem as hoped, 
they do at least show that any counterexample to the generalization will involve 
an infinite number of primes. 
THEOREM 1. Let (2, M) be a local Noether lattice which is a r-domain. If 5? 
has only Jinitely many rank 1 primes, then 2’ is regular. 
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Proof. The result is immediate if 9 has dimension 1, so assume .9 has 
dimension 2. 
Let E, F, PI ,..., P be the distinct rank 1 primes. Since M is the join of 
rank 1 primes, it suffices to show m = 0. Hence, assume m > 0 and let 
Q = ny Pi . Since E v Q is M-primary, there exists a least integer s such that 
F8 < E v Q. Then, by [6, Theorem 2.11, there exist principal elements E’ and 
Q’ such that Fs v EE’ = I;” v QQ’ = EE’ v QQ’. By the minimality of s, and 
the observation that F is a factor of E’ if, and only if, F is a factor of Q’, it follows 
that F is not a factor of either E’ or Q’. Clearly E is not a factor of Q’, since 
otherwise Fs < E, and similarly, no Pi is a factor of E’. Hence, E’ = ET-l, 
for some T, and we have 
where P = QQ’ = nz, P,“” and ei > 1 (i = l,..., m). From this it follows that 
(P v E’)(P2 v Fzs) = (P v FS)(P2 v F2”) = (P v F8)3 = (P v Er)3 = (P” v E2’) 
(P v ET) = (P” v E2*)(P v F*) = P3 v E2TP v P2FS v E2TFs, so that by modu- 
larity, there exists a principal element K < E2ZP v P2Fs v E2rFS such that 
P3 v ErF2S = P3 v K. 
We obtain a contradiction by showing that K cannot be factored as a product 
of primes. 
Clearly K $ Pi, i = l,..., m, since otherwise ETF2S < Pi , for some i. Hence, 
if K can be factored as a product of primes, necessarily K = EUFv, for some 
u, v. Since K 4 (P v E’)3 = (F* v Er)3 = F38 v ErF2S v E2rFS v E3r, and since 
E, F forms a prime sequence, necessarily K = EUFv is a multiple of one of Fss, 
ErF2S, E2?FS, and E3T [6, Th eorem 2.101. However, K < F3* implies P3 v ErF2* < 
P3 v F38 and therefore P3 v Er = P3 : E28 v ET = (P3 v ErF2*) : E2S < (P3 v F3s): 
F25 = p3 v FS since E2S is join principal and P3 : E28 = P3. But then P v FS = 
Er v FS < P3 : FS, so that P < F, which contradicts the choice of P. The other 
three cases all result in the contradiction P < E. For example, if K < ErF2S, 
then P3 v ETR2S = P3 v K, which yields K = ErF28 < E2+P v P2FS v E2’FS. 
If this is the case, then F28 < E’P v P2F8 v E*F8, and therefore F8 < E’P v 
P2vET=P2vE7.ButthenPvET=ErvFS~P2vE+,sothatP~Er~E. 
Hence m = 0, as desired. 
Now, assume 3’ has dimension n > 2, and, as above, let E and F be any two 
rank 1 primes. Assume His any principal element satisfying H < E v F. Let P 
be a prime minimal over E v F, and let P,, be a minimal prime of H with P, & P. 
Since -rz7, is a two-dimensional local Noether lattice satisfying the hypotheses 
of the theorem, by the above, 9” contains exactly two rank 1 primes. Hence 
P,, = E or P,, = F, and therefore H < E or H < F. It follows that E v F is a 
rank 2 prime in 3’. Further, since any rank 2 prime in 9 must contain at least 
two distinct rank 1 primes, it follows that every rank 2 prime is the join of two 
rank 1 (and therefore principal) primes. Hence, 9/E is a local Noether lattice 
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satisfying the hypotheses of the theorem, so that, by induction, Z/E is regular 
of dimension n - 1. Hence 9 is also regular. 
THEOREM 2. Let (9, M) be a regular local Noether lattice with afinite number 
of rank 1 primes. Then Y is isomorphic to RL, , where n is the dimension of 9. 
Proof. We note that since 0 is a prime in 2, every prime is the join of 
rank 1 primes, and therefore 9 has only a finite number of prime elements. 
Let E1 ,..., E , be a minimal base for M. By either [6, Theorem 2.101 or [3, 
Theorem 4.31, it suffices to show that E1 ,..., E,, are the only rank 1 primes. We 
assume 9 has dimension n > 3, the cases n = 1 and n = 2 being rather 
obvious in light of Theorem 1. 
Assume 9 has a rank 1 prime P other than E1 ,..., E, . Let F be a principal 
element of 9 such that F < P and F 4 Ej , for all j (for example, let F be an 
element of a minimal base for P). Let Q be a minimal prime of F v E1 . Clearly 
F < F v Ej , for allj, so Q has rank 2. Let P,, be a minimal prime of F contained 
in Q, so that P,, has rank 1. Since p/E1 has only finitely many rank 1 primes, 
it follows by induction that Y/E, E R&-r, and hence that Q = E1 v Ei , 
for some i = 2,..., 71. Since 9o satisfies the hypotheses of the theorem and has 
dimension 2, it follows that P,, = E1 or PO = Ei . Since P,, is a minimal prime 
of F, we have F < E1 or F < ES , which contradicts the choice of F. Hence, 
the only rank 1 primes of 9 are E, ,..., E, , as desired. 
We summarize Theorems 1 and 2 in a form which answers Conjecture 2 of [2]. 
THEOREM 3. For a local Noet/uzr lattice 2 the following conditions are 
equivalent: 
(1) de is isomorphic to RL, , 
(2) 9 is an n-dimensional regular local Noether lattice with aJinite number 
of rank 1 prime elements, 
(3) 9 is an n-dimensional local +domain with a finite number of principal 
primes, 
(4) 9 is a regular local Noether lattice with n rank 1 primes, 
(5) 9 is a local r-domain with n principal primes. 
Our last theorem gives a global version of Theorem 3. A Noether lattice 9 
is said to be regular if ZM is a regular local Noether lattice for each maximal 
element M of 9’. The structure of distributive regular Noether lattices has 
been determined in [l]. 
THEOREM 4. For a Noether lattice 9 the following conditions are equivalent: 
(1) 9’ is a distributive regular Noether lattice domain, 
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(2) 9 is a regular Noetker lattice domain with the property that every 
maximal element contains om’y finitely many rank 1 primes, 
(3) Y is a r-domain with the property that every maximal element contains 
only $nitely many principal primes. 
Proof. The result follows from Theorem 3 and the fact that a Noether 
lattice 9 is distributive if and only if OEM is distributive for each maximal 
element M of 8. 
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